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Abstract—Computational Fluid Dynamics (CFD) simulations
of cardiovascular systems hold promise for personalized clinical
care, but are hindered by their high computational cost. Neural-
initialized-Newton (NiN) methods combine deep learning with
iterative solvers to accelerate convergence, but existing approaches
lack features that capture long-range physical couplings critical
to cardiovascular flow. In this work, I propose a modified
MeshGraphNets architecture augmented with spectral features
derived from the finite element stiffness matrix K, enabling the
model to encode global boundary condition information absent
from standard message-passing. The modified Spectral MGN
achieves a test RMSE of 1.082, with strong directional alignment
between predicted and true solution deltas.

I. INTRODUCTION
A. Motivation

Recent advances in computing and simulation software have
boosted the popularity of Computational Fluid Dynamics (CFD)
in the study of cardiovascular systems. CFD has already been
established as a useful tool in the private sector, namely
in aerospace, automotive, and civil engineering [1]]. With
modern medical equipment, accurate modeling of a patients
cardiovascular system is now possible; with many commercial
companies overseas such as United-Imaging Healthcare and
Shanghai Mircroport Endovascular Medtech (EMT) [2] already
leveraging CFD to personalize patient care and improve post-
surgery outcomes. CFD simulations have been used to non
invasively assess the severity of coronary artery aneurysms [3],
treat congenital heart disease [4]], and engineer medical devices
[S]. However, wide-spread implementation in clinical practice
is hindered by the high computational cost of simulation.
Most CFD solvers use finite methods such as the Finite
Element Method (FEM) or Finite Volume Method (FVM) to
discretize the physics in space and time. The more elements in a
simulation, the more accurate the solution becomes. However,
introducing new elements increases the computational cost
on the order of O(n?). New methods and accelerators are
necessary for real-world applications in clinical practice. Two
promising approaches are Reduced Order Models (ROMs) and
Graph Neural Networks (GNNGs).

B. Related Works

Clinicians are most interested in calculating the Wall-Shear-
Stress (WSS) and fluid velocity within cardiovascular vessels.
To this end, future optimized models must be able to quickly
and accurately estimate these values from patient-specific data.

ROMs reformulate the full 3D formulation of the Navier-
Stokes equation into a lower number of dimensions (one- and
zero-dimensions); exchanging accuracy for running at a fraction
of the computational cost. A recent study done using 72 models
from the Vascular Model Repository compared zero and one-
dimensional simulations to their 3D reference simulations [6]].
The authors observed average relative errors of 2.1% and 1.8%
for pressure and 3.9% and 3.4% on the flow rate (for the zero
and one dimensional models, respectively).

Fig. 1. (Left) the original 3D model of the Aorta used for simulation; areas of
the mesh responsible for boundary conditions are highlighted in red. (Center)
The extracted centerlines used for generating the segments in the 1D model.
(Right) projections of the WSS onto the segments at t = 0.38

One-dimensional models are derived by integrating the 3D
Navier Stokes equations over the vessel cross-section to reduce
the equations to a single spatial variable [7]. Arterial trees are
approximated as connections and junctions of the centerlines
of vessel segments. Variables such as pressure, flow rate and
vessel wall displacement are functions of the axial component
only. The advantage of 1D models is their capacity to capture
wave propagation phenomena due to the interaction of flow
with elastic vessel walls.

Zero-dimensional (lumped-parameter network models) sim-
ulations are often used to approximate boundary conditions
which are assumed to have a linear relationship with the rest
of the model [8]].



Recently, interest in deriving new ROMs using data-driven
Graph Neural Networks (GNNs) has been gaining traction.
GNNGs are uniquely suited to accelerating finite-method analysis
due to their message-passing architecture. MeshGraphNets
(MGN) [9]] was specifically designed for predicting mesh-
based physics simulations. Most recently, MeshGraphNets have
been used to derive a 1D surrogate ROM for cardiovascular
simulation [10].

C. Problem Definition

While deep-learning (DL) models promise faster inference
than standard iterative solvers, they are prone to hallucinations.
GNNs suffer from a failure mode in the message passing
step, where physical information propagates only in a local
neighborhood; which is detrimental to accurately modelling the
physics when simulating elliptical PDEs with incompressible
flows, and propagating changes to the boundary conditions.
Meanwhile, popular iterative solvers used in CFD, such as
Newton methods, require a ”good” initialization in order to
guarantee convergence, leading to long simulation times and
increased sensitivity to solver parameters. Classical solvers are
also one-time use in nature. Their increased accuracy is limited
by heavy computation that has to be repeated even for small
perturbations in the input parameters.

Therefore, Neural-initialized-Newton (NiN) methods were
invented to combine the best of deep-learning and iterative
solvers [[I1]. At the start of the iteration loop, a DL model
guesses a better initial step based on the current system
parameters, and the Newton solver then computes a physically-
accurate solution to the system.

In this paper, I consider an NiN approach using a modified
MeshGraphNets model to initialize a modified Newton Raphson
solver implemented in the open-source SimVascular software
package. In summary, my contributions are:

1) I engineered features which accurately label the node
type (Area, Flowrate, or Junction), captured long-range
features and physical coupling terms using the eigenpairs
of the stiffness matrix K.

2) I developed a modified version of the MeshGraphNet
model capable of extracting high-frequency data from
the spectral features using SIRENS.

3) I assessed the capability of my Spectral MGN to guess
a modified initial state relative to the testing set.

II. METHODOLOGY

A. The Governing Equations

In this paper I used the 1D solver provided with the
Simvascular open-source package [12]]. The governing partial
differential equations for the 1D model are:
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Where S is the cross-section area, (Q is the volumetric
flow rate, p is the density of the fluid (which is constant for

our simulations), f is the external force, v is the kinematic
viscoscity, and 1) is an outflow function (zero for impermeable
vessels). d and N are defined by the choice of profile functions
for the velocity of over the cross-section. Pressure is related
to the luminal area S using the constitutive equation [13]):
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Further details on the strong form of the governing equations
are covered in [14]], [15].

B. The Finite Element Method

The 1D Simvascular solver implements a stabilized space-
time finite element method based on the discontinious Galerkin
method in time. It was chosen because it has been shown
to yield stable, time-accurate solutions for advective-diffusive
systems provided by fluid mechanics.

The strong form of the governing equations are too strict
for iterative methods. To find a more pliable formulation, we
derive the weak form of the equations by rewriting the system
of PDEs in a quasi-linear form:
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Therefore, the weak formulation of the initial boundary value
problem is given as: Find U such that for all W = [W;, W] T
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After discretizing over space and making a piecewise constant
approximation in time, the problem simplifies to:
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Assuming we have n nodal points, we express the vector fields
as:
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Where N4(z), Np(z) are the usual piecewise-linear shape
functions (the finite elements for our problem). The 1D
solver uses a modified Newton-Raphson technique to solve
the nonlinear system. The modification assumes a consistent
tangent in A, C and 7 with respect to U in the calculation of
the Jacobian. Therefore the iterative step is facilitated by:
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C. Branch Points

Pressure continuity and conservation of mass are enforced
using Lagrange multipliers (A) at branch points. For a branch
point with m inlets and n outlets, the continuity equations can
be formulated as a potential function Z:
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Besides the primary variable vector U, an additional m + n
entries are concatenated as additional unknowns of the nonlin-
ear system. The new arrays are added to the global stiffness
matrix K and Residual R as outlined in [14].

Boundary conditions are applied directly to K on every
iteration and are also detailed in [14].

D. Spectral Feature Extraction

Fourier Neural Operators (FNOs) [16]] and Spectral Graph
Neural Networks (SGNNSs) [[17] have become popular in Sci-
entific Machine Learning (SciML). By computing the Fourier
Transform, Spectral methods decompose the “frequencies” of
the training data, enabling the model to contextualize local
features into the grand physics of the problem.

Traditionally spectral features are encoded using the Graph
Laplacian derived from the Adjacency matrix. However, I want
to engineer features only using data that the solver had access to,
and encode the physics of K for S, () and their cross-coupling
terms between node types: an important datapoint when solving
nonlinear systems. Therefore, I decided to compute the spectral
features of my problem from the stiffness matrix K directly.

Since K is not a symmetric matrix, it produces complex
eigenpairs. In the context of waves the real components of the
eigenvectors encode the magnitude of dissapative effects and
the complex components model phase shifts at the node.

E. Feature Engineering

Each node has the following feature vector:
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Where K(n,n), U,, and R,, are the stiffness, solution and
residual values at the n-th node before solving. R(V)),
and (V)), are the real and imaginary parts of the n-th
components of the eigenvectors corresponding to the smallest-
k eigenvalues of the stiffness matrix K. The smallest-k
eigenvalues correspond to the “low-frequencies” of the problem
and transmit global information such as changes in the boundary
conditions. a., is the one-hot encoded vector for the node type:
Luminal Area (5), Flow (Q) or Lagrange Multiplier (A).
Every edge has the following feature vector:

e, = (K j]

Where K,, ; is the n-th row of the Stiffness matrix, which

contains the coupling coefficients between nodes across all
three node types.

F. Forward step of the Spectral Graph Neural Network

I used the MeshGraphNets architecture as detailed in [9]]
[10]. The forward pass consists of the following three stages:

1) Encode: Latent embeddings are created from the input
features. Particularily, I compute the node latent represen-
tations as v, = Se,(vy) € R™ and wij’ = sce(e;j) €
R™ for all nodes v, and edges e;; respectively. However
unlike MeshGraphNets, I used a SIREN for my embed-
ding function se. SIRENs are Multi-layer Perceptions
(MLPs) which use a sine as their nonlinear activation
function after the affine transformation. The advantage is
twofold, their second derivative is not zero, and therefore
can capture information from higher-order derivatives (in
contrast, the 2nd-order derivatives of ReLLU functions is
zero), and they can capture higher-frequency information
from the complex eigenvector features [[18]]. I chose the
latent space n; = 16 to be the same dimension for both
nodes and edges.

2) Process: The process stage is performed L times in two
phases; computing new edge features, and then deriving
the new node features from the aggregated edge features:

l - - -
el = fé?( (J RTINS 17)
o) = F Y Ze“) (18)
Where 1 <[ < L is the iteration number and fél) are

MLPs with ReLU activation functions.

3) Decode: Finally, all the node features are transformed
from a latent space to the output space using a MLP
0U,, = fan(vn) € R. The desired output vector is the
delta of the solution vector 6U which is used to compute
the initial guess for the solver U, = Uy + 6U.



G. Training
The network was trained to predict the difference between
the final and inital solution vector states U = Uy — Uy. This
was done so the model attempts to initialize the solver in the
local neighborhood of the real solution. The loss function takes
the form of:
1
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Where N is the batch size, ¥ is the modified MGN and © is

a vector containing both the node and edge features for the
MGN.

H. Dataset

I considered 5 healthy Aorta models selected from the Vas-
cular Model Repository (VMR). The models were constructed
from healthy patients of various ages and genders. I chose
to use the Aorta because it presents features such as many
junctions which are considered challenging for physics-based
models. For each of the 5 original one dimensional simulations
I created variations via random perturbations of the original
boundary conditions. In particular, I multiplied the parameters
of the inlets and outlets by a factor uniformly distributed in
the range [0.8, 1.2]. Each simulation simulated 1000 steps at a
time step of 0.001 seconds, simulating one full second of the
heart beating. Each §U corresponds to one time step solved
by the Newton solver. For the inlet I used a pulsatile boundary
condition, meanwhile the outlets used a RCR (Windkessel)
boundary condition. In total, 198 1D simulations were run. The
dataset used a train-test-split of 0.7.

III. RESULTS

SMGN Model Evaluation: Orientation vs. Magnitude
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Fig. 2. 138839 datapoints are plotted. Each represents the error in the direction
and scale of U for a single time step. Based on the bottom-right grouping,
The model is more likely to produce a correct answer if its prediction is in
the right direction.

The model achieved a RMSE of ~ 1.082 on the test set
after 200 epochs of training. Since JU is a vector value, the

magnitude error and cosine similarity were also analyzed in
Fig[2] The model shows a strong directional alignment between
predicted and true solution deltas, demonstrating the model’s
ability to consistently estimate both the direction and magnitude
of the required Newton initialization step when the predicted
direction is already correct. The variance between the values
spike between [0.4, 0.8], indicating the existence of edge-cases
where the model performs poorly. In summary, if the model
gets the direction right, it also gets the magnitude right.

IV. CONCLUSION

In this work I introduced the architecture for a Neural-
initialized-Newton solver for problems in reduced-order cardio-
vascular computational fluid dynamics. The modifications to
the original MeshGraphNets architecture were justified and the
model was trained on 137 simulations using spectral features
derived from the stiffness matrix K to capture the long-range
physical couplings absent from standard GNN message passing.

Future work entails identifying outliers in the training
data, especially in the high-variance regions of [0.4, 0.8],
and optimizing the training scheme. Next, full integration of
the model into the Simvascular 1D solver will be necessary
to measure the performance of the model in a real-world
application.
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